Faraday Rotation with Single Nuclear Spin Qubit in a High-Finesse Optical Cavity 
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When an off-resonant light field is coupled with atomic spins, its polarization can rotate depend- 
ing on the direction of the spins via a Faraday rotation which has been used for monitoring and 
controlling the atomic spins. We observed Faraday rotation by an angle of more than 10 degrees for 
a single 1/2 nuclear spin of ^■^^Yb atom in a high-finesse optical cavity. By employing the coupling 
between the single nuclear spin and a photon, we have also demonstrated that the spin can be 
projected or weakly measured through the projection of the transmitted single ancillary photon. 

PACS numbers: 03.67.Lx, 42.50.Pq 



I. INTRODUCTION 

Faraday rotation is a phenomenon in which the polar- 
ization of a light field rotates depending on the spin di- 
rection in an optical medium, e.g., an atomic system. Be- 
cause this interaction deterministically entangles atoms 
with photons, it has been extensively investigated in the 
field of quantum information processing (QIP) [1]. The 
Faraday rotation has also been utilized to perform quan- 
tum nondemolition measurements of the collective spins 
of an atomic ensemble f^, , followed by the demonstra- 
tion of spin squeezing 1, 4, 5^]. This rotation arises from 
the phase shift acquired by photons via dispersive inter- 
actions. Even with single atoms, large phase shifts have 
been observed in a high-finesse optical cavity ff\ and in a 
dipole trap with a tightly focused probe beam [7] . Such a 
conditional phase shift and polarization rotation based on 
the atomic state provide a key building block in QIP Q , 
leading to atom-photon entanglement or a mediator for 
photon-photon entanglement. 

Through the entanglement formation, the photon field 
serves as an ancilla for monitoring and controlling the 
primary atomic system. The Faraday rotation interac- 
tion between the photon field and atomic system and the 
subsequent projective measurement on the ancilla pho- 
tons can constitute an ancilla-assisted measurement [9| 
on the atoms. The resultant change in the atomic state 
after the measurement is described by the Kraus mea- 
surement operators 8]. This measurement framework 
provides a rich variety of controllability in quantum mea- 
surements, including feedback control of quantum state 
reduction reversible measurement |lll4l4l | , and error 
correction [ISj . 

In this article, we report the observation of Faraday 
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rotation by an angle of more than 10 degrees for a single 
1/2 nuclear spin of the ^^^Yb atom. The nuclear spin 
is an ideal candidate for a quantum bit (qubit) because 
of its long coherence time [l^, [l3|. In our experiment, 
the spin-photon coupling is greatly enhanced by using 
a high-finesse optical microcavity. In the present work, 
we have also demonstrated ancilla-assisted quantum mea- 
surement. The spin state is projected or weakly measured 
through polarization-dependent single photon counting 
for a weak coherent state of a probe pulse, which can be 
used for implementing the error correction process [l5j . 



Note that our cavity quantum electrodynamics (QED) 
system is also applicable for constructing a determinis- 
tically controlled NOT gate in which control and target 
qubits are represented by a nuclear spin state and a po- 
larization state of a photon, respectively. Depending on 
the spin direction, the polarization rotates to different 
directions; -I- (-) 45 degrees for the down (up) spin in an 
ideal case. By rotating the polarization by 45 degrees af- 
ter the cavity, the output polarization remains unchanged 
compared to the original one when the nuclear spin is up. 
On the contrary, when the spin is down, the polarization 
rotates by 90 degrees. 



This paper is organized as follows. In Sec. II, we briefly 
describe our experimental apparatus and the method for 
real-time selection of a spin state strongly interacting 
with the cavity field. In Sec. Ill, we show the experi- 
mental results for the Faraday rotation. In Sec. IV we 
present ancilla-assited measurement in which the spin di- 
rection changes based on the measurement result on the 
ancilla photon. In Sec. V, we discuss how to achieve a 
larger Faraday rotation angle. In Sec. VI, we conclude 
this paper. 
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FIG. 1: (color online) (a) Experimental configuration. WP, 
wave plate; PBS, polarizing beam splitter; SM fiber, sin- 
gle mode fiber; SPCM, single photon counting module, (b) 
Energy-level diagram of ^■'^Yb. The magnetic substates 
mi = -1-1/2 and -1/2 in the ground state ^So(/ = 1/2) 
are denoted by |t) and IJ,), respectively. The substates in 
the excited state '^Pi are labeled as \F',mp'). The Zeeman 
shift of the |3/2, —3/2) state due to the bias magnetic field is 
A = 27r X 71 MHz. 



II. EXPERIMENTAL PROCEDURE 

A. Apparatus 

Our experimental setup and the relevant energy levels 
are shown in Fig. 1. We briefly describe our appara- 
tus here (details are described in Ref. [l^)- First, ^'^^Yb 
atoms are prepared in a magneto-optical trap (MOT) 
with ^Sq— ^Pi intercombination transition (wavelength 
A — 556 nm), which is situated 7 mm above the Fabry- 
Perot microcavity. The atoms are then released and in- 
troduced into the cavity under gravity. During freefall 
for 40 ms, a bias magnetic field of 34 G is switched on 
along the cavity axis to set the quantization axis. The 
cavity consists of two identical concave mirrors with a ra- 
dius of curvature 50 mm. These mirrors are separated by 
a gap of 150 /im and the waist size is wq = 19 /im. The 
MOT loading time is adjusted so that the intra-cavity 
atom number becomes much less than unity. The aver- 
age transit time in the cavity is approximately 120 fis. 
The resonant frequency of the cavity Wc is stabilized to 
be near resonant to the transition ||) o |3/2,— 3/2) 
with frequency uja- Here |t) and \l) denote the mag- 
netic substates nij = +1/2 and —1/2 in the ground 
state ^So(/ = 1/2), respectively. The magnetic sub- 
levels in the excited state '^Pi are labeled as \F\mpi). 
The Zeeman shift of the |3/2, —3/2) state due to the 
bias magnetic field is A = 27r x 71 MHz. Our system 



is characterized by the following three parameters: the 
maximum interaction rate between atoms and photons 
50 = 27r X 2.8 MHz, cavity decay rate (HWHM of the 
cavity resonance line) k = 27r x 4.5 MHz, and atom de- 
cay rate (natural linewidth) 7 = 27r x 182 kHz. The input 
beam is coupled to the cavity with an efficiency of 0.6, 
and the escape efficiency is 0.9. The output from the cav- 
ity is split using a polarizing beam splitter (PBS), and 
each output from the PBS is coupled to a single-mode 
fiber (SM fiber) with an efficiency of 0.7, and it is de- 
tected using a single photon counting module (SPCM) 
1, 2 (PerkinElmer SPCM-AQR-14-FC), whose detection 
efficiency is 0.6 at 556 nm. The total detection efficiency 
of a photon emitted from an atom is 77 = 0.4. The wave 
plate (WP) before the PBS is selected from a half (HWP) 
or quarter one (QWP) depending on the purpose. When 
the released atomic cloud reaches the cavity, the locking 
beam that stabilizes the cavity length is turned off for 
3 ms to avoid the SPCMs being saturated by such an 
intense beam. 



B. Real-time state selection 

By shining an excitation beam from the x-axis (see 
Fig. 1(a)) and detecting fluorescence photons in the out- 
put mode, an atom passing through the center of the 
cavity mode is selected in real time in the following man- 
ner [l8|. The excitation beam is nearly resonant to the 
atomic transition with frequency We (— Wa)- The beam 
waist is 24 /im and the typical power is 300 nW at 
We = Wa- The polarization of the beam is linear along the 
y-axis and it can be decomposed into a+ and tr^ compo- 
nents for the quantization axis (z-axis). The (t_ compo- 
nent with the Rabi frequency $7, typically 27r x 1.4 MHz, 
excites only a \\) atom to the |3/2,— 3/2) state. The 
atom decays back to the \\.) state in a cyclic manner, 
emitting a photon into the cavity mode. Around the 
center of the mode, where an atom interacts with the 
field more strongly, the emission cycle becomes shorter 
due to the Purcell effect [l^. The maximum emission 
rate to the output is given by /Ag^ under the condi- 
tion of » K7, which was calculated as 1.9 x 10^ s^^. 
By taking into account the detection efficiency 77 = 0.4, 
the maximum photon counting rate was estimated to be 
7.6 X 10^ s~^ = 1/(1.3 /is) typically. Based on the electri- 
cally added signals from two SPCMs, if two photons are 
detected within 600 ns, which we call coincidence, the 
atom emitting the photons is considered to have passed 
through the center of the cavity mode. We made the co- 
incidence window rather shorter than 1.3 /iS so that only 
the atom around the center was surely selected. Note 
that the excitation by the (T+ component is negligible 
because of the large detuning. Moreover, when an atom 
is in the |t) state, its excitation is also negligible for the 
same reason. Therefore, a single atom in the jj,) state 
can be selected through coincidence detection. 

When the detuning of the excitation beam is larger. 
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FIG. 2: (color online) Normalized fluorescence as a function 
of the detuning of the excitation beam. Blue data points (cir- 
cle): the power of the beam is 100 nW. Red points (triangle): 
300 nW. Solid black curve: 1 nW. Dotted blue curve: 100 nW. 
Dashed red curve: 300 nW. All curves are calculated based 
on a modified model [13]. The inset shows the fluorescence 
taken with the power adjusted at each detunig. 



the excitation probability decreases, and therefore the 
flux of fluorescence photons for coincidence decreases. To 
keep the coincidence rate constant even at larger detun- 
ing, we increased the power of the excitation beam and 
also used power broadening. Figure 2 shows the fluores- 
cence from single atoms as a function of the detuning of 
the excitation beam. The detected photon counts were 
accumulated without the coincidence method. The the- 
oretical curves were obtained based on a model modified 
from that described in Ref. Here, we assumed that 
the atoms dropped randomly onto the intersection of the 
excitation beam and the cavity field, and we took an av- 
erage of aU the calculated results. The solid curve with a 
power of 1 nW indicates that the broadening is purely due 
to the Purcell effect. Other curves involve power broad- 
ening, and these are in good agreement with our results. 
The inset of Fig. 2 shows that the adjusted fluorescence 
is almost constant over an entire range of detuning. The 
power of the excitation beam ranged from 300 nW at 
resonance to 18 /iW at the detuning of ±6 MHz. 



III. EXPERIMENTS 

A. Faraday rotation 

After the real-time selection by coincidence, we per- 
form the subsequent procedure of Faraday rotation 
within a time window of approximately 30 /is (Fig. 3 (a)). 
During this window, the atom is close to the mode axis. 
A linearly polarized probe pulse is sent to the cavity, 
where the photon number in the empty cavity is typi- 
cally tuned to be 0.01. The frequency of the probe is 
set to be the same as the excitation beam frequency and 
the cavity resonant frequency, i.e. Wp = lo^ — lOc, and it is 
also detuned from the atomic resonance as 5 = oj,, — ujn ■ 
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FIG. 3: (color online) Time chart of the experimental proce- 
dure for the measurements of (a) Faraday rotation and (b) 
variation of spin polarization. 



We observe the dispersive interaction between the 
component of the pulse and an atom in the selected \],) 
state. As in the case of the excitation, the interactions 
between other combinations are inhibited. Considering 
the atom-photon interaction under the weak driving con- 
dition, the transmittance of the (t_ component for the jj,) 
state is given by [2^ 



r_(5) 



k(7/2 - i5) + g{rf 



(1) 



and T+((5) = 1 for the a+ component. Here, the transmit- 
tance is normalized by that without atoms. The interac- 
tion term g{r) is a function of the location of the atom: 
g[r) — go exp [— (a;^ + y^)/wo] cos(27r2:/A). In general, 
T_((5) is complex, and therefore the polarization of the 
output photons becomes elliptic. 

Figure 4 (a) shows the absolute value of the transmit- 
tance for the (T_ component |r_((5)|. A QWP is placed 
behind the cavity, so that the (t_ component is reflected 
from the PBS and detected using SPCMl. The mea- 
sured data is normalized to the cr_|_ beam transmitted into 
SPCM2 {T+{5) = 1), and again normalized by the trans- 
mittance without atoms. The theoretical solid curve is 
obtained by the following model. While the coincidence 
method selects atoms exhibiting almost the maximum 
value of g , the atoms travel due to thermal motion at 
40 /i K in the MOT and free fall (y-axis), where a root- 
mean-squared velocity is 0.04 m/s and the free fall ve- 
locity is Vy — 0.3 m/s. Assuming \/v'^ + v1 — 0.04 m/s 
during the measurement time of 34 /is, we take the aver- 
age of all the possible trajectories. The curve is in good 
agreement with the measured results without fitting. 

The measured results for Faraday rotation, i.e., the 
polarization rotation of the transmitted probe, are shown 
in Fig. 4 (b). The QWP was replaced with a HWP and 
it was adjusted so that two output powers from the PBS 
were balanced in the absence of atoms. The ratio between 
the photon counts at the two SPCMs provides us with 
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FIG. 4: (color online) (a) Transmittance for the cr_ compo- 
nent of the probe pulse and (b) rotation angle of polarization 
for the transmitted probe as a function of the detuning. Solid 
curves are calculated without fitting based on our model (see 
text). Dashed curves are obtained with the maximum cou- 
pling go. 



information about polarization angle, 



arccos 



riT 



7r/4. 



(2) 



Here, and nji are the numbers of transmitted and re- 
flected photons, respectively, at the PBS. We measured 
the value of ip alternately with and without atoms, (pvj 
and ipwo, and then normalized these values to obtain 
the resultant rotation angle 6 = ip^, — ipwo- The theo- 
retical curves were derived using a master-equation ap- 
proach [2l[. Again the atomic motion was taken into 
account as mentioned above. A Faraday rotation by an 
angle of more than 10 degrees was observed at the de- 
tuning of approximately ±1 MHz. Due to the atomic 
motion, the rotation angle observed became almost half 
of that calculated with the maximum coupling go. If the 
trapping of the atom inside the cavity is achieved j2^[23j , 
such motion will be suppressed so that the rotation angle 
is expected to increase. 



B. Ancilla-assisted measurement: Variation of spin 
polarization 



measurement, we start with a simplified model of pure 
rotation. Suppose that the spin is prepared in a su- 
perposition state |spin)g — a |t)s + /? |i)s and the po- 
larization of the incident photon is parallel to the x- 
direction. We represent the state of polarization by an- 
gle ^ from the x-axis as |^)p, so that the incident pho- 
ton is in the |0)p state. After the Faraday rotation, the 
total state becomes a |t)s |0)p + /i^ |4')s l^)pi where 9 is 
the rotation angle obtained for the state and its 
amplitude and sign can be controlled by changing the 
probe detuning S. Because the HWP is placed in front 
of the PBS, the detection of the photon at the trans- 
mission side of the PBS corresponds to the projection 
with the specific polarization basis |0)p, and the resul- 
tant spin state is given by a p((t>\0)p |t)s + p{(t>\9)p 11)^- 
In the case of the detection at the reflection side, cj) 
is replaced with (jj + 7r/2. Depending on the measure- 
ment basis and the result of the measurement, the fi- 
nal spin state changes, which is represented by a set 
of measurement operators {M{9)^, M{6)^^jr/2}j where 

Mie)^ = pimp lt)ss(tl + p(0l^)p IDssUI- 

Based on these operators, we calculate the spin-down 
population after the photon count at the measurement 
basis as shown in Fig. 5(a). These curves are ob- 
tained from the initial spin-down population of P(i) = 
|/3|2 = 3/4,1/2,1/4. When a photon is counted for the 
measurement basis satisfying (010) = {{(j)\0) = 0), 
the spin is projected to \D (|t))- For the other measure- 
ment bases, the spin is weakly measured rather than pro- 
jected. This implies that the spin-down population varies 
depending on the result of the measurement; however 
it is determined only probabilistically, which provides 
stochastic reversibility of the measurement fT5,ll3ll. For 
example, successive measurements using opposite signs 
of rotation angles 9,-9 and different measurement bases 
(j> = A, A — 9 can stochastically restore the initial un- 
known spin state because of M{—9)a-0M{9)a oc /. 

In a real situation, the polarization of the transmitted 
probe exhibits ellipticity as well as rotation. To treat the 
ellipticity, we calculate the conditional probabiliy, P{\. 
10), of detecting the \D state after the detection of a 
photon with polarization angle 4>. According to Bayes's 
rule, the conditional probability is given by 



P(i|0) 



(3) 



Here, P(t) and P{i) are initial populations. P{(j)\l-) and 
P(0| t) represent the probability of detecting a photon 
at angle </> when the atom is prepared in the H) or |t) 
state, and they are given by 



P(0||) 



(4) 



Through the Faraday rotation, the primary quantum 
system (nuclear spin) is coupled to the ancillary system 
(photon), and therefore, one can perform the ancilla- 
assisted measurement. To analyze the results of our 



and P((/)| t) — cos^ (j>. By incorporating the effect of 
atomic motion into these probabilities, we obtain the the- 
oretical curves in Fig. 5(b) which exhibit a tendency sim- 
ilar to those of the pure rotation cases shown in Fig. 5(a). 
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FIG. 5: (color online) (a) Population of the \D state after the 
projection on the probe pulse as a function of the polariza- 
tion angle <j> of the measurement basis. The model includes 
only the pure rotation of polarization, and a rotation angle of 
= —10 degrees for |^) is assumed, (b) Comparison of mea- 
sured data with a theory that takes into account ellipticity. 
Blue circles show data taken conditioned on the detection of 
reflected photons. Red triangles show data for transmitted 
photons. Note that if the rotation angle (/> goes beyond 90 de- 
grees, the roles of the reflected and transmitted conditions 
interchange. The inset shows the population versus probe 
detuning for the basis of = 60 degrees. 



To demonstrate the tunability of the measurenient pro- 
cess, the spin was first polarized along the x-direction, 
i.e., prepared in the superposition of |t) and with 
P(t) = -P(i) = 0.5. For this purpose, after the coinci- 
dence, the spin was exposed to a spin-polarizing beam 
with the ""^Sq — ^Pi transition (399 nm) from the x-axis in 
Fig. 1, as shown in Fig. 3 (b). Then, a 4 /is probe pulse 
with a detuning of -1.1 MHz and a mean photon number 
less than unity was incident onto the cavity, and the out- 
put was single photon-counted with the HWP rotated in 
a stepwise fashion. Finally, the resultant variation in the 
population of the \D state, which was initially 0.5, was 
measured by the spin projection method used in our pre- 
vious work [l^. For the projection, the excitation beam 
was switched on again. Due to the same reason as men- 
tioned above in the initial spin-selection stage, the atom 
exposed to the excitation beam emits photons only when 
it is in the jj,) state. If the number of counted photons 
is greater than zero during the measurement window of 
20 /iS, we consider the projection to the jj,) state to be 
successfully carried out. Otherwise the spin is up, or the 
spin is down but the projection failed. 

Points with error bars in Fig. 5(b) show the measured 



results of the conditional population of the |4) state, 
demonstrating that the population changes from the ini- 
tial value of 0.5 after the photon counting of the probe 
pulse. The experimental data are in excellent agreement 
with numerically calculated curves. Note that the degree 
of the variation can be controlled by the angle of mea- 
surement basis 4> and also by the probe detuning S as 
shown in the inset of Fig. 5(b). 



IV. DISCUSSION 

We discuss here possible methods for achieving a larger 
Faraday rotation angle. In the context of realization of 
a controlled NOT gate, the amount of 45 degrees rota- 
tion is sufficient for each spin state in our setup as men- 
tioned above. Due to the bias magnetic field applied in 
the present work, however, the |t) state does not con- 
tribute to the Faraday rotation. By reducing the field 
sufficiently small, the |t) state rotates the polarization 
similarly. The amount of the rotation angle is the same 
as the ID state, but the direction is opposite. We assume 
zero bias magnetic field hereafter. 

Let us first consider the obstacles to the larger rota- 
tion angle in the present work. As shown in Fig. 4(b), the 
atomic motion inside the cavity was one of them, which 
made the rotation angle almost half of the calculated one 
with the maximum coupling rate go. If the tight confine- 
ment of the atoms inside the cavity is achieved [2^ [IJ , 
such motion would be greatly suppressed so that the ro- 
tation angle is expected to improve. Another source of 
the degradation was the condition of ujp = lOc which was 
set for a technical reason. By stabilizing the cavity length 
with another beam at different wavelength from the res- 
onance, which is usually done in modern optical cavity 
QED experiments 0], further improvement is possible. 
By setting uJc — ooa and scanning Wp separately, the max- 
imum rotation angle will rise to 23.6 degrees at a specific 
detuning, while the maximum angle is 21.1 degrees in 
the present work with ujp — lOq- Here we assume that the 
atoms stay at the anti-node of the cavity mode through- 
out the measurement. We also use this assumption in 
the following discussion. 

For the further improvement in the rotation angle, we 
next examine the following two methods: changing the 
cavity length and the reflectivity of mirrors that compose 
the cavity. These changes lead to the adjustment of rela- 
tions among the system parameters describing our setup, 
namely go, and 7, resulting in a variation of the avail- 
able rotation angle. First we calculate the dependence 
of the maximum angle on the cavity length in Fig. 6(a). 
Because the rotation angle shows the dispersive behavior 
for the detuning ujp — uja, we take the maximum value 
from the whole range of the detuning for each parame- 
ter space. By elongating the cavity, the maximum an- 
gle approached approximately 28 degrees. Although the 
system reaches the strong coupling regime go 1^ the 
improvement was modest. The dependence of the maxi- 
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FIG. 6: Maximum rotation angle and the corresponding sys- 
tem parameters, po, and 7, as a function of (a) the cavity 
length and (b) the reflectivity of the cavity mirrors. The open 
circles indicate the maximum angle of 23.6 degrees that can 
be achieved in the present work with the cavity length 150 
/im and the reflectivity 0.999972. 



comes much larger than the cavity decay rate k as well 
as the atom decay rate 7, so that the system enters the 
strong coupling regime. At the reflectivity of 0.999990, 
the maximum angle vifas estimated to reach 45 degrees, 
which is enough for implementing the controlled NOT 
gate. 



V. CONCLUSION 

We have observed Faraday rotation by an angle of more 
than 10 degrees of photons caused by a single nuclear 
spin in a high-finesse cavity. By projective measure- 
ments on the ancilla photon that transmitted through 
the cavity, we have realized projection measurement and 
weak measurement on the nuclear spin. Due to the short 
interaction time ~ 30 /zs, the measurements were lim- 
ited to the populations, i.e. the diagonal terms in the 
density matrix. However, by trapping an atom inside 
the cavity [1^ [2^, it should be possible to probe off- 
diagonal terms by rotating the spin direction with an 
NMR method. Determination of both diagonal and off- 
diagonal terms will realize a full quantum state tomog- 
raphy of a single nuclear spin. 
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